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General Comprehensive Examination
LINEAR ALGEBRA

Print Name: _ Sign:

Unless otherwise specified, all matrices are assumed to have -complex en-
tries.

Problem 1: Let

01 1 010 0 1 -1
A={101}, B=|lootr}, c=|0o-1 1
110 000 2 1 1

(a) Determine if among A,B,C there is a pair of similar matrices.

(b) For the matrix C find the transformation matrix M and its inverse such
that J = M~'CM is the Jordan canonical form of C.

Problem 2: In the matrix

0
A e a
0

O 8 o
2 o 0

can you specify a constant a such that A has an eigenvalue A = A(t) such
that dX\/dt =2 for t = 17

Problem 3: Prove that, if A is nilpotent, then A + I is invertible.

Problem 4: Let Ps{t) denote the vector space of polynomials with real -
coefficients of degree three or less in ¢. Consider the linear transformation
T : Py(t) — P3(¢) given by

a+bt+ct?+dt® — (b+c)+(a+dit+{a+ )+ (b+ o)t

With respect to the standard basis {1,%,4*,¢*} find matrices representing
orthogonal projections from P3(t) onto each of the eigenspaces of T.

Problem 5: Consider the vector space of polynomials on [—1,1] with real
coefficients with the inner product

(frg)= | Fhg®) (1 —t3)de .



(a) Apply the Gram-Schmidt process to find an orthonormal basis, with re-
spect to this inner product, for the subspace spanned by {1+/3, v/15¢, t*}.

(b) Is this inner product non-degenerate? Is it positive definite? Justify your
aNSWer.

Problem 6(a): Let A and B be invertible n x n matrices. Prove that, if

the matrix y 5
w-(52)

also has rank n, then A and B commute.

(b) Now show how to diagonalize M in terms of given diagonalizations of A
and B. '



